Applying a combinatorial lemma a new sufficient condition for the indecomposability of integer polynomials is established.
In this paper, we will show that from these assumptions on the degree and on the leading coefficients it is possible to obtain much stronger conclusions related to the indecomposability of the polynomial.
Results
Lemma 1 Let l ≥ 2. Denote by Y the set of all l-tuples α = (α 1 , α 2 , . . . , α l ) of nonnegative integers satisfying
(2.1)
Proof. Let us denote by S(l, j) the Stirling number of the second kind, i.e. the number of ways to partition a set of l elements into j nonempty subsets. If we denote by α i the number of subsets with i elements, we immediately obtain the following formula:
It is well known (see e.g. [6, Section 6.1]) that the Stirling numbers satisfy the recurrence
and the summation formula
Note that if x = m, where m is a nonnegative integer, then the terms with j > m in (2.3) vanish. Also, S(l, j) = 0 for j > l. Therefore, we have
Applying formula (2.2) and (2.4), we obtain
Proof. Denote a := a n−1 . By comparison of the coefficients, we find that
From (2.6) and (2.7), it follows that
We claim that
Consider the following system of equations
Let X denote the set of all solutions of the system (2.9). Then the coefficient with x n−l on the right hand side of (2.5) is equal to
The solutions of system (2.9) correspond to the solutions of system (2.1) from Lemma 1. Now we have that
is an integer. If (α 1 , . . . , α l ) = (0, . . . , 0, 1), then α l = 0 and, by induction hypothesis, the summands in (2.10) have the form
for an integer T . Multiplying by l! m l−1 , we obtain
Indeed,
is obviously an integer, and
is also an integer since it is the number of all partitions of {1, . . . , l} in α 1 blocks of size 1, α 2 blocks of size 2, ... , α l blocks of size l. Now the congruence (2.8) follows directly from Lemma 1 and the fact that for α = (0, . .
By considering the coefficients with x n−k , we obtain
From the coefficient with x n−(k+1) (and writing formally c −1 = 0), we obtain
Using (2.6) and (2.11), we get
for an integer s. Multiplying this relation by (k + 1)!m k , the sum of terms without c 0 , multiplied by (k + 1)!m k , is congruent to ka k+1 modulo m.
Indeed, the corresponding sum from Lemma 1 does not contain solutions (0, . . . , 0, 1), (1, 0, . . . , 0, 1, 0) ∈ Y , and the contribution of these solutions is
Hence, we obtain
which clearly implies a k+1 ≡ 0 (mod m).
Remark 1 Let us note that the assumption (2.5) of Theorem 1 implies that in the Laurent series expansion of (f (x)) 1/m (in powers of 
is a monic polynomial satisfying gcd(a n−1 , n) = 1, then f is indecomposable.
In [4] , the first two authors considered also the decomposability problem for even and odd polynomials. They have shown that a decomposition of an odd polynomial is equivalent to a decomposition of the form G • H, where G and H are odd polynomials. On the other hand, let f = g • h be a decomposition of an even polynomial f . Then h is an even polynomial, or g = G • L and h = L −1 • H, where G is even, H is odd and L is a linear polynomial. Furthermore, they proved the following indecomposability results: (i) Let f (x) = x n + a n−2 x n−2 + · · · ∈ Z[x] be an odd polynomial. If gcd(a n−2 , n) = 1, then f is indecomposable.
(ii) Let f (x) = x 2n + a n−2 x 2n−2 + · · · ∈ Z[x] be an even polynomial and define g(x) = f ( √ x). Assume that gcd(a n−2 , n) = 1. Then every decomposition of f is equivalent to one of the following decompositions:
2 . The second case appears if and only if
Here we state generalizations of these results, which can be proved in the same manner as Theorem 1. Alternatively, one can use the Laurent series expansions, as in Remark 1. The only difference is that if the polynomials f and h from Theorem 3 are even, than the assumption of Theorem 3 implies vanishing of the coefficient of Theorem 2 Let f (x) = x n + a n−2 x n−2 + · · · + a 1 x ∈ Z[x] be an odd polynomial. Assume that
Then the polynomial h(x) is odd and it holds a (k+1)/2 n−2 ≡ 0 (mod m). ≡ 0 (mod m).
As a corollary of Theorems 1-3, we obtain a new proof of the characterization of all decompositions of Fibonacci polynomials. (ii) The polynomial F n is indecomposable for even n, while for odd n the only decomposition (up to equivalence) of F n is F n (x) = f n (x 2 ), where
Proof. The first statement of the corollary follows from Theorems 2 and 3. Indeed, if F n (x) = (h(x)) m + H(x), where m ≥ 2 and deg h + deg H ≤ n − 4, then deg H ≤ deg F n − deg h − 3. Therefore, we may apply Theorems 2 and 3 to the polynomials F n (x) = x n−1 + (n − 2)x n−3 + · · ·. We get (n − 2) (deg h+1)/2 ≡ 0 (mod m), for a divisor m > 1 of n − 1, which is a contradiction.
Let us prove the statement (ii). Assume first that n is even. Then F n is an odd polynomial. If F n is decomposable, then by [4, Lemma 2] we have F n = K • L, where K and L are odd monic polynomials and
Assume now that n is odd. Then F n is an even polynomial. Let F n = K • L be a decomposition of F n , where K and L are monic polynomials. By [4, Lemma 3] , we may assume that L is odd or even polynomial. If L is odd and deg L ≥ 3, then K is even, and we have F n (x) = (L(x)) deg K + H(x), where deg H ≤ n − deg L − 4, and we get a contradiction, as before.
Assume finally that L is an even polynomial, and define l(x) = L( √ x). Now we have f n = K • l. Let K(x) = x m + bx m−1 + · · ·. If deg l ≥ 2, then f n (x) = (l(x)) m + b(l(x)) m−1 + H(x), where deg H ≤ (m − 2)deg l = deg f n − 2deg l ≤ deg f n − deg l − 2. Thus, we may apply Theorem 1, and we obtain a contradiction. Hence, we conclude that deg l = 1 and deg L = 2, and this implies that the decomposition F n = K • L is equivalent to F n (x) = f n (x 2 ).
